In this paper, we extend previous work on the mathematical modeling of oxygen transport in biological tissues [23] . Specifically, we include in the modeling process the arterial and venous microstructure within the tissue by means of homogenization techniques. We focus on the two-layer tissue architecture investigated in [23] in the context of abdominal tissue flaps that are commonly used for reconstructive surgery. We apply two-scale convergence methods and unfolding operator techniques to homogenize the developed microscopic model, which involves different unit-cell geometries in the two distinct tissue layers (skin layer and fat tissue) to account for different arterial branching patterns.
Introduction
Flow of blood and delivery of oxygen within a tissue is an area of intense research activity [11] . At the larger end of the scale, flows through branching vessels have been studied extensively [5, 31, 32] . At the capillary scale, detailed experimental and simulation studies of flows in the microvasculature have been carried out [30, 13, 24, 33] , taking into account such factors as changes in the apparent blood viscosity with vessel diameter, and separation of red blood cells and plasma at bifurcations [20] .
A more coarse-grained approach, pursued by several authors, has been to treat blood flow through the vascular network as akin to fluid flow through a porous medium. On a smaller scale, this approach was used by Pozrikidis and Farrow [29] to describe fluid flow within a solid tumor. More recent work by Chapman et al. [7] extended this approach to consider flow through a rectangular grid of capillaries within a tumor, where the interstitium was assumed to be an isotropic porous medium, and Poiseuille flow was assumed in the capillaries. Through the use of formal asymptotic expansions, it was found that on the lengthscale of the tumor (i.e., a lengthscale much longer than the typical capillary separation) the behavior of the capillary bed was also effectively that of a porous medium. A more phenomenological approach was taken by Breward et al. [6] , who developed a multiphase model describing vascular tumor growth. Here, the tumor is composed of a mixture of tumor cells, extracellular material, and blood vessels, with the model being used to investigate the impact of angiogenesis or blood vessel occlusion on tumor growth. A similar model was used by O'Dea et al. [28] to describe tissue growth in a perfusion bioreactor.
Matzavinos et al. [23] adopted a similar multiphase modeling approach to investigate the transport of oxygen in abdominal tissue flaps, commonly used for plastic and reconstructive surgery. Among existing types of abdominal tissue flaps, the deep inferior epigastric perforator (DIEP) flap is a central component in the current practice of several reconstructive surgical procedures [14] . Nonetheless, complications such as fat necrosis and partial (or even total) tissue flap loss due to poor oxygenation still remain an important concern. Gill et al. [12] reported that in their study of 758 DIEP cases, 12.9 percent of the flaps developed fat necrosis and 5.9 percent of the patients had to return to the operating room. In view of these data, Matzavinos et al. [23] investigated computationally the level of oxygenation in a tissue given its size and shape and the diameters of the perforating arteries. The approach adopted in [23] considered a multiphase
The mathematical model
As in [23] we adopt a three-dimensional rectangular geometry for a DIEP tissue flap with a two-layer tissue architecture. The approach in this paper differs from that in [23] in that the geometry of the vascular microstructure is explicitly defined. A two-dimensional schematic representation of the threedimensional geometry used is shown in Fig. 1 . The top layer of unit cells in Fig. 1 corresponds to the dermic and epidermic layers of the skin, whereas the remainder of the domain corresponds to fat tissue.
We denote the fat tissue layer by Ω =Ω × (−L, 0), with some L > 0 andΩ ⊂ R 2 . The top (skin) layer is assumed to be thin as compared to the fat tissue layer and is denoted by Λ ε =Ω × (0, ε) with Λ 1 =Ω × (0, 1),Λ =Ω × {0}. The small positive parameter ε represents both the scale of the unit cell describing the arterial branching pattern and the depth of the skin layer (this assumption is relaxed in section 7).
The vascular microstructure is assumed to differ in the two layers of the domain. Specifically, Ω is shows an example of such a unit cell that represents a specific arterial branching pattern for the fat tissue layer. We let Y i l = Y l + k i , where k i ∈ Z 3 and l = a, v, s, and we define the domains occupied by arteries, veins and tissue in Ω as Ω ε a = ∪ i εY i a ∩ Ω, Ω ε v = ∪ i εY i v ∩ Ω, and Ω ε s = ∪ i εY i s ∩ Ω, respectively. Similarly, we define a (different) unit cell Z = Z a ∪ Z v ∪ Z s that describes the arterial and venous geometry in Λ ε . We let
, where k i ∈ Z 2 and l = a, v, s, and we define Λ ε a = ∪ i εZ i a ∩ Λ, Λ ε v = ∪ i εZ i v ∩Λ ε , and Λ ε s = ∪ i εZ i s ∩Λ ε as the domains in Λ ε of arteries, veins, and tissue respectively. Figure  2 (b) shows an example of a unit cell for Λ ε . Throughout the paper, it is assumed that the skin layer Λ ε is characterized by the presence of arterial-venous connections that facilitate the exchange of blood between the arterial and venous systems (see, e.g., [15, 23] ). A simple example of an arterial-venous connection is shown in Fig. 2(b) In the arteries and veins located in Ω, blood is assumed to flow with velocities v ε a (x, t) and v ε v (x, t), respectively, according to the Stokes equation with zero-slip boundary conditions. Specifically, we let p ε a (x, t) and p ε v (x, t) denote the arterial and venous pressures, respectively, and we assume that (v ε a , p ε a ) and where l = a, v, and Γ ε a and Γ ε v denote the outer surface of arteries and veins, respectively, in Ω. As usual, the scaling in the viscosity term is such that the velocity field has a non-trivial limit as ε → 0 (see, e.g., [16] ). Similarly, we assume that in the skin tissue layer Λ ε , (v a ,p a ) and (v v ,p v ) satisfy
for l = a, v, and
where the constants λ l andλ l , l = a, v, are the oxygen permeability coefficients of the arterial and venous blood vessels. In addition to the exchange of oxygen between blood vessels and tissue, oxygen in arterial blood is transported to the venous system through the arterial-venous connections in the upper (skin) layer of the domain. In the following, we assume continuity of concentrations and fluxes at the arterial-venous
We also impose transmission conditions between the fat tissue layer and the skin layer
where l = a, v. We remark that the ε −1 scaling in (12) balances the oxygen flux terms in the skin layer with the depth of the layer. At the external boundaries we consider Dirichlet boundary conditions that define the prescribed oxygen concentration at the arterial/venous blood vessel boundaries and zero-flux boundary conditions at the tissue boundaries: (1)- (14) . We remark that the boundary conditions for the pressure on Γ D ensure the uniqueness of the pressure.
A priori estimates and convergence results
We now turn our attention to deriving a priori estimates for the weak solutions of the microscopic model (1)- (14) . The a priori estimates are then used in conjunction with the notion of two-scale convergence and an unfolding operator approach to establish the convergence of the solutions as ε → 0.
Lemma 4.1. Under Assumption 2.1 the solutions of the problem (1)-(6) satisfy the a priori estimates
where l = a, v. Moreover, there exist extensions
Finally, the solutions of the problem (7)- (14), i.e. the oxygen concentrations in arteries, veins, and tissue, satisfy the estimates
where l = a, v, s. Here the constant C is independent of ε.
Proof. Using v ε l = 0 on Γ ε l and ∂Ω × (−L, 0) ∩ ∂Ω ε l , andv ε l = 0 on R ε l and ∂Ω × (0, ε) ∪Ω × {ε} ∩ ∂Λ ε l , and applying Poincaré's and Korn's inequalities [2, 4, 17, 34] , we obtain
with a constant C independent of ε. Considering v ε l andv ε l , where l = a, v, as test functions in the weak formulation (3.1), using the divergence-free property of the blood velocity fields, and applying (20) imply the estimates in (17) .
Due to the continuity conditions on Σ ε we can definep
As in [2] we can construct a restriction operator, which is a linear continuous operator R ε l :
(iii) For each u ∈ H 1 0 (Ω) the following estimate holds
with the constant C being independent of ε. A similar restriction operator can be defined forΩ × (0, ε) as a linear continuous operatorR ε :
Using the properties of R ε l andR ε , where l = a, v, we can extend p ε l from Ω ε l into Ω, andp ε from Λ ε av into Λ ε . These extensions satisfy the a priori estimates in (18) (see e.g., [2] ). In particular, we consider a linear functional
Using equation (2), the properties of the restriction operatorR ε and the estimates in (17) we obtain
Additionally, we have
Hence, there existsP ε ∈ L 2 (Λ ε )/R such that F ε = ∇P ε and, using the Necas inequality [22] ,
Using that c ε l −c D l = 0 on Γ D ∩∂Ω ε l and c D l = 0 onΛ, in conjunction with (a) the divergence-free property of v ε l andv ε l , (b) the zero-boundary conditions for v ε l andv ε l , and (c) the continuity of concentrations on Λ ∩ ∂Λ ε l , we obtain
for some σ > 0. Applying the trace inequality [17, 21] we obtain ε w
where C is independent of ε and l = a, v, s. Now considering c ε l − c D l andĉ ε l as test functions in (15)- (16) and applying estimates (21) and (22) we obtain the first estimates in (19) .
In order to show the non-negativity of c ε l andĉ ε l , we consider c
Similarly, for the oxygen concentration in the surrounding tissue, we have
Using the boundary conditions for v ε l ,v ε l , c ε l andĉ ε l , we obtain that
for l = a, v. Combining the last two inequalities and applying estimates (22) and the Gronwall inequality, we obtain that c
To show the boundedness of c ε l andĉ ε l we consider (c ε l −A) + and (ĉ ε l −A) + as test functions in (15)- (16), where
Then, due to the prescribed boundary conditions, we have
for l = a, v, and thus
Thus, applying estimates (22) together with the Gronwall inequality, we conclude that (c ε l (t, x) − A) + = 0 a.e. in Ω ε l,T and (ĉ ε l (t, x) − A) + = 0 a.e. in Λ ε l,T with l = a, v, s. Therefore, the second part of the estimates in (19) follows.
Finally, differentiating equations (7) and (8) To derive the macroscopic equations we employ the notion of two-scale convergence [3, 27] and the unfolding method [8, 9] . We denote by T * ε : Ω ε l → Ω × Y l the unfolding operator and by T b ε : Γ ε l → Ω × Γ l the boundary unfolding operator (see, e.g., [8, 9] ). As in [10, 26] we also define unfolding operators in the thin layer Λ ε l and on R ε l , where l = a, v, s, as follows.
Definition 4.2. For a measurable function φ on Λ ε we define the unfolding operator T bl ε : Λ ε →Λ × Z as
For a measurable function φ on Λ ε l we define the unfolding operator T * ,bl ε
For a measurable function φ on R ε l we define the boundary unfolding operator T
The definition of the unfolding operator implies directly (see e.g., [10, 26] ) that
and εT * ,bl ε
Theorems 4.3 and 4.4 below are proven in the same manner as the corresponding results in [8, 9] . For the convenience of the reader, we provide short sketches of the proofs.
, where p ∈ (1, ∞) and
exist a subsequence (denoted again by w ε ) and functions w ∈ W 1,p (Λ) and w 1 ∈ L p (Λ; W 1,p (Z)) such that w 1 isẐ-periodic and
Sketch of proof. By rescalingw ε (x, y) = w ε (x, εy) and using the assumptions on {w ε } we obtain that there exists a function 0, 1) ). Also, the assumptions on {w ε } ensure that T bl ε (w ε ) and
Using the assumptions on w ε and applying Poincare's inequality, we have that
The proof ofẐ-periodicity of w 1 follows the same lines as in the case of T ε , see e.g. [9] . Specifically, one considers the differences
j · ∇xw, and shows that w 1 (x, y 1 j ) = w 1 (x, y 0 j ) in the weak sense for j = 1, . . . , n − 1, where y 1 j = (y 1 , . . . , y j−1 , a j , y j+1 , . . . , y n ), y 0 j = (y 1 , . . . , y j−1 , 0, y j+1 , . . . , y n ), andẐ = (0, a 1 ) × . . . × (0, a n−1 ).
Then, there exist a subsequence (denoted again by w ε ) and aẐ-periodic functionŵ ∈ L p (Λ; W 1,p (Z l )), such that
Proof. Due to the assumptions on {w ε }, we obtain that T * ,bl ε (w ε ) is bounded in L p (Λ; W 1,p (Z l )). Thus, there exists a functionŵ such that the stated convergences are satisfied. TheẐ-periodicity follows by the fact that for ψ ∈ C 0 (Λ × Z),
whereê j are standard basis vectors for j = 1, . . . , n − 1.
To prove convergence results for the unfolding operator in the perforated thin layer Λ ε l , with l = a, v, s, we define an interpolation operator Q * ,bl ε . First, we introduce the notation:
where Int denotes the interior of the domain. Then, the definition of Q * ,bl ε is similar to the one for perforated domains in [8] .
ε (φ)(t, εξ) at the vertices of the cell ε([x/ε] +Ẑ) with respect to x 1 , . . . , x n−1 and constant in x n , for a.a. t ∈ (0, T ).
We remark that ∂ t Q * ,bl
. Lemma 4.6 and Theorem 4.7 below are proven in a similar manner as the corresponding results in [8] .
Lemma 4.6. For all φ ∈ W 1,p (Λ ε l,T ), the following estimates hold
where the constant C is independent of ε.
where Q * ,bl ε (w ε ) ∼ is the extension by zero of Q * ,bl
Sketch of proof. The estimates in Lemma 4.6 and the definition of Q * ,bl ε ensure the boundedness of Q * ,bl ε (w ε ) ∼ and ∇xQ * ,bl
, and ∇xQ * ,bl
. Then, by the properties of T bl ε (see e.g., [10, 26] ), and using the fact that Q * ,bl ε (w ε ) is constant in x n , we obtain the first two convergence results in (23) .
Lemma 4.6 and the definition of Q * ,bl ε ensure the boundedness of Q * ,bl
, whereK ⊂Λ is a relatively compact open set and Q * ,bl ε (w ε )|K ×(0,ε) is constant with respect to x n . Then, using Theorem 4.3, we obtain the existence of a function w 1,K ∈ L p (K T ; W 1,p (Z)), which is constant in y n andẐ-periodic, such that
Due to the fact that w 1,K is a polynomial of degree less or equal to one, which is constant with respect to y n and periodic inẐ, it follows that w 1 is constant in y. Then, since ∇xQ * ,bl
, and hence T bl ε (∇xQ * ,bl
, we obtain the last convergence in (23).
The estimates for R * ,bl ε (w ε ) along with the convergence of T * ,bl ε (ε −1 R * ,bl ε (w ε )) given by Theorem 4.4 and Theorem 4.7 imply the following result.
≤ C. Then there exist a subsequence (denoted again by w ε ) and functions w ∈ L p (0, T ; W 1,p (Λ)) and w 1 ∈ L p (Λ T ; W 1,p (Z)) such that w 1 isẐ−periodic and
Finally, using the notion of two-scale convergence and the properties of the unfolding operator, we can prove the following lemma.
Lemma 4.9. The following hold.
1. There exist subsequences of {v ε l }, {p ε l }, {v ε l }, and {p ε l } (denoted again by {v ε l }, {p ε l }, {v ε l }, and {p ε l }) and functions v l ∈ L 2 (Ω;
2. There exist subsequences of {c ε l } and {ĉ ε j } (denoted again by {c ε l }, {ĉ ε j }) and c l ∈ L 2 (0, T ;
where l = a, v, s and j = av, s.
Sketch of proof. Due to the continuity of concentrations on Σ
. The a priori estimates in (17) , (18) and (19) along with (a) the compactness theorem for two-scale convergence, (b) related convergence results for unfolded sequences [3, 8, 22, 26, 27] , and (c) Theorem 4.8 imply the convergence results in the statement of the lemma.
The last two convergence results in (24) follow from the weak convergence of T * ε (c ε l ) and T * ,bl ε
and L 2 (Λ T ; H 1 (Z j )), respectively, along with the trace theorem applied in H 1 (Y l ) and H 1 (Z j ), where l = a, v, s and j = av, s.
Macroscopic equations for velocity fields
We now derive the homogenized, macroscopic equations for the arterial and venous blood velocity fields in the two tissue layers (skin tissue layer and fat tissue layer) of the adopted tissue geometry. We start with Theorem 5.1, which is the first of the main results of the paper. 
and
The matrices K l andK are defined by
where ω i l andω m l are solutions of the unit cell problems
Proof. We first use the following test functions in (3.1):
Using the derived a priori estimates and applying the two-scale convergence of p ε a ,p ε a , p ε v , andp ε v , established in section 4, we obtain that
The last equation implies that
The two-scale convergence of v ε l andv ε l at the oscillating boundaries Γ ε l and R ε l is ensured by the a priori estimates (17) and the boundary estimate (22) , and it implies that
The two-scale convergence of v ε l implies that
Similarly, using divv
where Λ ε av = Λ ε a ∪ Σ ε ∪ Λ ε v . Therefore, div y v l = 0 in Ω × Y l and div yvav = 0 inΛ × Z av , where l = a, v. We now consider the normal velocityv ε l · n onΛ ∩ ∂Λ ε l . The transmission conditions (5) yield
andψ(x,x/ε, 0) = ψ(x, 0,x/ε, 0) onΛ. Then using divv ε l = 0 in Ω ε l and div y v l = 0 in Ω × Y l , along with the two-scale convergence of v ε l andv ε l , implies
Hence,v l · n = 0 onΛ ×Ẑ 0 l , whereẐ 0 l = ∂Z l ∩ {y n = 0}. Using div v ε l = 0 in Ω ε l and taking ψ ∈ C ∞ (Ω) yield
Applying two-scale convergence in the first term on the right-hand side of (33) and integrating by parts imply
Since
Taking ψ ∈ C ∞ (Ω) with ψ(x) = 0 on Γ D ∪Λ in (34), and using the calculations above, we obtain
Similarly, taking ψ ∈ C ∞ (Ω) with ψ(x) = 0 onΛ in (34) we obtain
These calculations imply that
We now consider a test functionφ ∈ C ∞ (Λ ε ), such thatφ is constant in x n andφ(x) = 0 on ∂Ω × (0, ε). Applying divv ε l (x) = 0 in Λ ε l withv ε l (x) = 0 on the boundaries R ε l , (∂Ω×(0, ε))∩∂Λ ε l , and (Ω×{ε})∩∂Λ ε l , along withv ε a =v ε v on Σ ε , yields
l along with the two-scale convergence ofv ε l and the convergence in (38) imply
wheren is the external normal vector to ∂Λ ε ∩Λ. Thus divx 1
where n is the external normal vector to ∂Ω ∩Λ, and 1 |Ẑ| Zavv av (x, y)dy · n = 0 for x ∈ ∂Λ.
where
Considering div Ya v a dy + Yv v v dy = 0 in Ω and using (41) imply
We now consider functions ψ l andψ such that
We consider functions ψ l andψ such that
Using the characterization of the the orthogonal complement to the space of divergence-free functions (see, e.g., [16] ), we obtain the existence of
Combining equations (44) and (43), and consideringψ
Thus using equality (40) we obtain p a = p v =p andp = 2p onΛ. Relaxing now the assumptions onψ and usingψ · n = 0 onΛ ×Ẑ 0 av imply (2µ S yvav −p
L and omitting the bar for the sake of clarity, we obtain the two-scale model
Finally, for (x, y) ∈ Ω × Y l and (x, y) ∈Λ × Z av , we consider the ansatz
where l = a, v, and ω j l ,ω j are solutions of the unit cell problems (28) and (29) respectively. Applying the ansatz (47) to equations (45) and (46), and using equations (35) and (40), yields the macroscopic equations (25) and (26) for p l andp. The integral condition in (42) ensures the well-posedness of the macroscopic model (26) . Considering the differences of two solutions p 1 l − p 2 l andp 1 −p 2 of (25) and (26), and using the Dirichlet boundary conditions on Γ D and the continuity conditions onΛ, we obtain the uniqueness of the solution of the macroscopic model.
Macroscopic equations for oxygen concentrations
In this section, we continue our derivation of the homogenized equations for the microscopic system (1)- (14) by turning our attention to the oxygen concentrations in arterial blood, venous blood, and tissue. Theorem 6.1 provides the macroscopic equations dictating the dynamics of the various oxygen concentrations as ε → 0, and it complements Theorem 5.1 that was proven in the previous section. For the remainder of this section, we definev av (x, y) =v a (x, y)χ Za (y) +v v (x, y)χ Zv (y) for a.a. (x, y) ∈Λ × Z av .
Theorem 6.1. The sequence of solutions of the microscopic model (7)- (14) converges to a solution of the macroscopic equations
where l = a, v,
The solutions of equations (48)
for l = a, v, s and j = av, s.
The macroscopic transport velocities v 0 l ,v 0 and the diffusion matrices A l ,Â, andÂ s are given by
where l = a, v, s, m = av, s, and w l andŵ m are solutions of the unit cell problems
for l = a, v, s and j = 1, . . . , n, 
Proof. We consider
Thus, we obtain the macroscopic equations
We now employ the divergence-free property of the velocity fields in Ω × Y l andΛ × Z av and the zeroboundary conditions on Γ l and R l ∪ Z 0 av ∪ Z 1 av . These, and the fact that c l andĉ av are independent of y, yield
Thus, taking firstφ 2 (t,x, y) = 0 inΛ T ×Z and
Using the linearity of the equations above, we consider the ansatz
where w j l andŵ j av are solutions of the unit cell problems (52) and (53) respectively. Then for φ 2 l = 0 andφ 2 = 0, and using the ansatz for c 1 l andĉ 1 , we obtain
where A l , v 0 ,Â av andv 0 are defined in (51). From the continuity conditions (12), we obtain c a (t,x, 0) = c(t,x), c v (t,x, 0) =ĉ(t,x) onΛ T . Considering φ 1 l ∈ C ∞ 0 (Ω T ) andφ 1 = 0 and integrating by parts result in the macroscopic equations for c a and c v in (48)-(50). Considering 7 The δ scaling for the skin layer with 0 < ε << δ << 1
In this final section, we consider an alternative scaling for the depth δ of the skin layer. Specifically, we assume that the adopted tissue geometry is characterized by two distinct length scales: a scale δ > 0 representing the depth of the skin layer and a separate length scale ε > 0 characterizing the distance between arteries. In the remainder of this section, we assume that 0 < ε << δ << 1, and we let first ε → 0 and then δ → 0.
The continuity of pressures implies the boundary conditions for p l in (61), where l = a, v. Considering φ ∈ C ∞ 0 (Ω) andφ = 0 as test functions in (65), and using the weak convergence of p δ l , where l = a, v, we obtain the equations for p a and p v in (61).
We now consider the test functions 0, 1) ), φ(x) = 0 on Γ D and φ l (x) =φ 1 (x) onΛ. Using these in (65) and taking the limit as δ → 0 we obtain K a ∇p a · n,φ a Λ + K v ∇p v · n,φ v Λ + K ∇x(p + ∂ ynp 1 e n ), ∇xφ 1 + ∂ ynφ2 e n Λ ×(0,1) = 0.
Takingφ 1 = 0 and using the fact thatK does not depend on y n imply thatp 1 is constant with respect to y n . Finally, by considering firstφ 1 ∈ C ∞ 0 (Λ) and thenφ 1 ∈ C ∞ (Λ), we derive the macroscopic equation and boundary conditions forp in (61). for l = a, v, s, m = av, s, wherec δ m (t,x, y n ) =ĉ δ m (t,x, δy n ), and the constant C is independent of δ. Thus there exist functions c l ∈ L 2 (0, T ; H 1 (Ω))∩H 1 (0, T ; L 2 (Ω)),ĉ m ∈ L 2 (0, T ; H 1 (Λ×(0, 1)))∩H 1 (0, T ; L 2 (Λ× (0, 1))), andĉ 1 m ∈ L 2 (Λ T ; H 1 (0, 1)), withĉ m being independent of x n , such that 
where l = a, v, s and m = av, s. Finally, we use test functions (a) φ l ∈ C ∞ 0 (Ω T ) andφ = 0, and (b) φ l ∈ C ∞ (Ω T ),φ =φ 1 + δφ 2 ,φ 1 ∈ C ∞ 0 (Λ T ),φ 2 ∈ C ∞ 0 (Λ T × (0, 1)), with φ(t, x) =φ 1 (t, x) onΛ T in that order. In the same way as in the proof of Theorem 7.2, using the convergence results in (73), along with the convergence ofṽ δ l andv δ (ensured by the convergence of ∇p δ and ∇p δ ), taking the limit as δ → 0, and applying the fact thatD m are independent of y n , we obtain the limit equations in (70) and (71). The continuity conditions for c δ l andĉ δ j onΛ T ensure the continuity conditions for the limit functions c l ,ĉ j for l = a, v, s, j = av, s. The assumptions on the initial data ensure the existence ofĉ 0 ,ĉ 0 s ∈ H 1 (Λ) such thatĉ 0,δ (x, δy n ) →ĉ 0 (x) andĉ 0,δ s (x, δy n ) →ĉ 0 s (x) in L 2 (Λ × (0, 1)). Then, using the convergence of ∂ t c δ l and ∂ tc δ m , we obtain that the initial conditions for c l andĉ m are satisfied. Standard arguments imply the uniqueness of the solution of the macroscopic model consisting of equations (70) and (71).
